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FINITE ELEMENT ANALYSIS OF NONLINEAR FORCED VI8KATIONS 
OF BEAMS AND RECTANGULAR PLATES 
Chuh Mei*  and Kamolphan Decha-Umphait 
O ld  Dominion U n i v e r s i t y ,  Nor fo lk ,  V i r g i n i a  
SLMMARY 
Slender beams and t h i n  p l a t e  s t r u c t u r e s  subjected t o  p e r i o d i c  load ing  
are  l i k e l y  t o  encounter o s c i l l a t i o n s  la rge  i n  comparison t o  bean depth o r  
p l  a te  th ickness.  The responses pred ic ted  us ing  t h e  smal 1 d e f l e c t i o n  1 i n e a r  
s t r u c t u r e  t h e o r y  are, there fore ,  no longer appl icable.  Nonl inear  theory,  
t a k i n g  i n t o  account t h e  e f f e c t s  o f  l a r g e  amplitude, must be employed. 
I n  t h i s  repor t ,  a f i n i t e  element method i s  presented f o r  t h e  l a r g e  
amp1 i t u d e  v i b r a t i o n s  o f  complex s t ruc tu res  which can be modelled w i t h  bear1 
and r e c t a n g u l a r  p l  a te  elements subjected t o  harmonic e x c i t a t i o n .  Both i n -  
p lane deformat ion and i n e r t i a  are considered i n  t h e  fo rmula t ion .  The method 
descr ibed would g i v e  more accurate r e s u l t s  than t h e  c l a s s i c  cont inuun 
approaches which n e g l e c t  t h e  e f f e c t s  o f  inp l  ane i n e r t i a .  D e r i v a t i o n  o f  t h e  
harmonic f o r c e  and n o n l i n e a r  s t i f f n e s s  matr ices f o r  a bean and a rectangul  ar  
p l a t e  element are presented. S o l u t i o n  procedures and convergence charac ter -  
i s t i c s  of t h e  f i n i t e  element method are descr ibed. Nonl inear  response t o  
un i fo rm and concentrated harmonic loadings, and improved n o n l i n e a r  f r e e  
v i b r a t i o n  r e s u l t s  are presented f o r  beams and rectangul  a r  p l  ates o f  var ious  
boundary cond i t ions .  
- 
*Associate Professor, Mechanical Engineering and Mechanics 
tGraduate Student 
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INTRODUCTION 
L i n e a r  models have had, and w i l l  cont inue t o  have, g r e a t  importance i n  
t h e  a n a l y s i s  o f  r e a l  s t r u c t u r a l  systems. There are, however, some dynamic 
systems which are i n h e r e n t l y  nonl inear  and t h e i r  behavior cannot be de- 
s c r i b e d  f u l l y  through l i n e a r  models alone. 
NASA i s  cons ider ing  p l a c i n g  i n  o r b i t  var ious  large,  f l e x i b l e ,  and low 
d e n s i t y  space s t r u c t u r e s .  These s t ruc tu res ,  o r  some components of these 
s t r u c t u r e s ,  may be expected t o  have o s c i l l a t i o n s  l a r g e  i n  comparison t o  some 
corresponding dimension (beam depth o r  p l a t e  th ickness) .  I n  t h i s  s i t u a t i o n ,  
t h e  responses p r e d i c t e d  us ing  t h e  small  d e f l e c t i o n  1 i n e a r  s t r u c t u r e  t h e o r y  
may no longer  be v a l i d ,  there fore ,  non l inear  s t r u c t u r e  t h e o r y  t a k i n g  account 
t h e  e f f e c t s  o f  l a r g e  d e f l e c t i o n  may have t o  be employed. 
The f i r s t  papers t h a t  d e a l t  w i t h  n o n l i n e a r  v i b r a t i o n s  o f  beams and 
p l a t e s  w i t h  immovable edge supports were those o f  Woinowsky-Krieger ( r e f .  1) 
and Herrmann ( r e f s .  2 and 3).  Herrmann presented a s e t  of equat ions of 
mot ions t h a t  corresponds t o  t h e  dynamic analogue o f  t h e  von Karman p l a t e  
theory .  The non l inear  beam v i b r a t i o n  was t r e a t e d  as a s p e c i a l  case o f  p l a t e  
v i b r a t i o n  i n  re fe rence 3. Al though t h e  bas ic  equat ions had been ' thus 
establ ished,  t h e  general  s o l u t i o n s  o f  t h e  coupled, nonl inear ,  govern ing 
d i f f e r e n t i a l  equat ions of mot ion are s t i l l  n o t  a v a i l a b l e  owing t o  t h e  
mathematical d i f f i c u l t i e s  invo lved.  The c l a s s i c a l  continuum approach was t o  
employ v a r i o u s  approximate methods t o  beams and p l a t e s  o f  s imple geometr ica l  
shape and o f  s imple r e s t r a i n t  cond i t ions  a long t h e  edges. 
Nonl inear  f o r c e d  v i b r a t i o n  of  beams w i t h  d i f f e r e n t  boundary c o n d i t i o n s  
has been i n v e s t i g a t e d  b y  app ly ing  t h e  G a l e r k i n  method (e.g. r e f s .  4 t o  7 )  
and t h e  r e s u l t i n g  equat ions were solved b y  t h e  harmonic balance method. 
Other approaches t o  t h e  problem, namely t h e  f i n i t e  element method combined 
w i t h  method of averaging, the form-function approximation method and the 
incremental time-space f i n i t e  s t r ip  method were proposed by Busby and  
Weingarten ( r e f .  81, Lou and Sikarskie ( r e f .  9 )  and Cheung and Lau ( r e f .  
l o ) ,  respectively. Further, a perturbation procedure based on the method of  
multiple time scales has been presented by Nayfeh e t  a l .  ( r e f s .  11 and 1 2 ) .  
Eisley ( r e f .  13) and Sathyamoorthy (ref.  14) have presented the i r  
comprehensive and excellent reviews on nonlinear analyses of beams 
concerning the classical methods. 
Nonlinear forced vibrations of circular and rectangular plates w i t h  
various boundary conditions have also been investigated by using the 
Galerkin or R i t z  method ( re fs .  4, 5 and 15 t o  18), the Kantorovich averaging 
method ( re fs .  19 and 20), various perturbation methods ( r e f .  2 1  t o  24) ,  and 
incremental harmonic balance method ( re f .  25). Studies based on the simpli- 
f ied Berger's hypothesis ( r e f .  26) have also been made w i t h  the use of 
the Galerkin method ( re fs .  27 and 28). Yamaki e t  a l .  ( r e f .  18), Chia ( r e f .  
29) and Sythamoorthy ( r e f .  30) have presented their  comprehensive reviews on , 
b o t h  f ree  and forced nonlinear vibrations of plates. 
The f i n i t e  element method has proven t o  be an extremely powerful tool 
for  complex structures. Applications of  the f i n i t e  element method t o  large 
amplitude free vibrations of beams and rectangular plates was f i r s t  present- 
ed by Mei ( re fs .  31 and 32) .  The inplane tensi le  force induced by the 
transverse deflection alone was assumed t o  be constant f o r  each individual 
beam or  plate element. Nonlinear frequencies of  beams and rectangular 
plates w i t h  various boundary conditions agreed well w i t h  the approximate 
continuum solutions of Woinowsky-Krieger ( r e f .  l ) ,  Chu and Herrmann ( r e f .  
3 ) ,  Yamaki ( r e f .  15) and Evensen ( re f .  3 3 ) .  Rao e t  a l .  proposed a novel 
scheme of  linearizing the nonlinear strain-displacement relations i n  formu- 
2 
1 a t i n g  t h e  non l i nea r  s t i f f n e s s  
t i o n s  o f  beans and c i r c u l a r  p l  
35 and 36) .  Shear deformation 
mat r ix .  They s tud ied  non l i nea r  f r e e  v i b r a -  
ates ( r e f .  34) and rec tangu la r  p l a t e s  ( r e f s .  
and r o t a r y  i n e r t i a  were a lso  i nc luded  i n  t h e  
f o r m u l a t i o n  ( re fs .  37 and 38) .  Reddy and S t r i c k l i n  ( r e f .  39) presented a 
1 i nea r  and a quadra t ic  i soparamet r ic  rectangul ar  element us ing  t h e  1 inear -  
i z e d  Reissner-type v a r i a t i o n a l  formul a t ion  t o  s tudy l a r g e  amp1 i t u d e  f r e e  
p l  a te  v i b r a t i o n s .  I n p l  ane d i s p l  acements were considered i n  t h e i r  formu- 
l a t i o n .  Two t r i a n g u l a r  elements have also been developed f o r  n o n l i n e a r  f r e e  
v i b r a t i o n s  of p l a t e s  of a r b i t r a r y  shape. The f i r s t  one ( r e f .  40) i s  con- 
s i s t e n t  wi th t h e  h igher -order  bending e lanent  TRPLTl ( r e f .  41) i n  NASTRANB, 
and t h e  second one ( r e f .  42) i s  cons i s ten t  w i t h  t h e  h igh -p rec i s ion  p l a t e  
e lanen t  o f  Cowper e t  a l .  ( r e f .  43). The s o l u t i o n s  ob ta ined f o r  nuner i ca l  
exanpl es i n c l u d e  rec tangu l  ar, c i r c u l  ar, rhombic and i sosce les  t r i a n g u l  a r  
p la tes .  Reddy and Chao ( r e f s .  44 and 45) extended t h e  e a r l i e r  i soparamet r i c  
rec tangu l  ar  elements t o  i nc lude  t ransverse shear and 1 ani nated cornposi t e  
ma te r ia l s .  M e i  e t  a l .  (46)  a lso extended t h e  e a r l i e r  t r i a n g u l a r  element t o  
i n c l u d e  lan ina ted  composite ma te r ia l s .  
Bhashyan and Prathap ( r e f .  47) and Sarma and Varadan ( r e f s .  48 and 49) 
a l s o  presented a Ga le rk in  and a Lagrange-type f i n i t e  e lenent  fo rmu la t i on  f o r  
n o n l i n e a r  f r e e  v i b r a t i o n s  o f  beans w i t h  ends r e s t r a i n e d  f rom l o n g i t u d i n a l  
movement. They ob ta ined frequency values a t  t h e  i n s t a n t  of maximum ampli- 
t ude  which was based on a new c r i t e r i o n  f o r  d e f i n i n g  n o n l i n e a r  f requency 
presented i n  re fe rences  50 and 51. However, t h e  r e s u l t s  ( re f s .  47 t o  50) do 
n o t  agree w i t h  those c l a s s i c  continuun s o l u t i o n s  ( r e f s .  1 and 33) .  What 
t h e y  a c t u a l l y  solved i s  a l i n e a r  beam v i b r a t i o n  problem sub jec ted  t o  an 
i n i t i a l  a x i a l  t e n s i l e  f o r c e  as commented on i n  re fe rence  52. 
I n  t h i s  repor t ,  a f i n i t e  element fo rmu la t i on  i s  presented f o r  l a r g e  
3 
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I 
ampl i tude v i b r a t i o n s  o f  s lender beams and t h i n  p l a t e s  subjected t o  harmonic 
e x c i t a t i o n .  Harmonic f o r c e  mat r ices  are  developed f o r  non l i nea r  v i b r a t i o n s  
o f  a beam and a rec tangu la r  p l a t e  element under un i fo rm harmonic loading. 
L o n g i t u d i n a l  o r  i np lane  deformat ion and i n e r t i a  are both i nc luded  i n  t h e  
fo rmula t ion .  These e f f e c t s  were neglected i n  t h e  e a r l i e r  f i n i t e  element 
n o n l i n e a r  f r e e  v i b r a t i o n  analyses ( r e f s .  31, 32, 34 t o  38, 40, 42 and 46). 
Formula t ion  o f  t h e  harmonic f o r c e  m a t r i x  [p] i s  based on t h e  f i r s t  o rder  
approximat ion o f  s o l u t i o n s  o f  a Du f f i ng  system g iven b y  Hsu ( r e f .  53). He 
showed t h a t  t h e  s i m p l e  harmon ic  f o r c i n g  f u n c t i o n   PO^^^^^ i s  t h e  f i r s t  
o rde r  approximation of t h e  e l l i p t i c  f o r c i n g  f u n c t i o n  BAcn(XT,n), and t h e  
well-known p e r t u r b a t i o n  s o l u t i o n  o f  a D u f f i n g  system t o  a s imple harmonic 
f o r c i n g  f u n c t i o n  i s  t h e  f i r s t  o rder  approximation o f  t h e  s imple e l l i p t i c  
response ACn(XT,n). D e r i v a t i o n  o f  the harmonic f o r c e  and non l i nea r  s t i f f -  
ness ma t r i ces  are given. Nonlinear fo rced response t o  un i fo rm and s imu la ted  
concentrated (un i fo rm l o a d  on s h o r t  beam segment) harmonic load ings ,  and 
improved non l i nea r  f r e e  v i b r a t i o n  r e s u l t s  are presented f o r  beams and rec-  
t a n g u l a r  p l a t e s  wi th va r ious  boundary cond i t i ons .  F i n i t e  element r e s u l t s  
a r e  compared w i t h  approximate so lu t i ons  o f  e l l i p t i c  f u n c t i o n  response, 
p e r t u r b a t i o n  method and o t h e r  nuner ica l  approaches. 
4 
SYMBOLS 
A 
B 
C 
[Dl 
d 
E 
fl , f2 
[ G I  
h 
I 
L 
- 
L 
R 
Mol 
amp1 i tude = wmax / h  f o r  p l a t e  (wmax/R f o r  beam) 
nondimensional f o r c i n g  ampl i tude f a c t o r  
leng th  
length  
extens 
and 
and 
ona 
w id th  o f  rectangular  p l a t e  
w id th  o f  rec tangu lar  p l a t e  element 
m a t e r i a l  s t i f f n e s s  m a t r i x  
constant  de f ined i n  equations (46) and (47) 
bending mater i  a1 s t i f f n e s s  m a t r i  x 
l eng th  o f  t h e  loaded element 
Young's modulus 
membrane s t r a i n s  
l i n e a r i z i n g  f u n c t i o n  ma t r i x  de f ined i n  equat ion ( 2 7 )  
l i n e a r i z i n g  func t i ons  
m a t r i x  r e l a t i n g  general ized coord inates and membrane 
s t r a i n s  de f ined i n  equat ion (26) 
m a t r i x  r e l a t i n g  genera l ized coord inates and curva tures  
de f ined i n  equat ion (23) 
th ickness o f  p l a t e  
area moment o f  i n e r t i a  o f  beam 
system l i n e a r  s t i f f n e s s  m a t r i x  
system non l inear  s t i f f n e s s  m a t r i x  
element s t i f f n e s s  ma t r i x  
element non l i nea r  s t i f f n e s s  m a t r i x  
leng th  o f  beam 
mathematical operator  de f ined i n  equat ions (34) and ( 3 5 )  
leng th  o f  a beam element 
bending and t w i s t i n g  moments 
5 
system mass m a t r i x  
element c o n s i s t e n t  mass m a t r i x  
{ N I  membrane r e s u l t a n t  forces 
[ P I  system harmonic f o r c e  m a t r i x  
PO 
c P I  
nondimensional f o r c i n g  paraneter 
e lanent  harmonic f o r c e  m a t r i x  
m a t r i x  re1 a t i n g  genera l ized coord inates and l i n e a r i z i n g  
func t ion  de f ined i n  equat ion ( 2 5 )  
r a d i u s  of  g y r a t i o n  o f  beam cross-sec t ion  
I 
beam cross-sec t iona l  area 
m a t r i x  re1  a t i n g  element nodal d i s p l  acanents and general i zed 
coord inates def ined i n  equations (21)  and ( 2 2 )  
k i n e t i c  energy 
t i m e  
T I 
t 
U s t r a i n  energy 
displacements 
coord inates 
general i zed coord inates 
n o n l i n e a r  c o e f f i c i e n t  i n  D u f f i n g  equat ion 
shear s t r a i n  
e l  anent nodal d i s p l  acements 
s t r a i n s  
modulus o f  e l l i p t i c  f u n c t i o n  
curva tures  
c i r c u l a r  frequency o f  e l l i p t i c  f u n c t i o n  
Poisson’s r a t i o  
norm 
rl 
I KI 
x 
V 
5 
mass d e n s i t y  P 
nond imens i o n  a1 t ime T 
6 
J, 
w 
mode shape normalized t o  u n i t  va lue  o f  t h e  l a r g e s t  
component 
s t r e s s  f u n c t i o n  
f r e  q uen c y  
Subscr ip ts  : 
b bendi ng 
L 1 i near  
rn membrane 
7 
F I N I T E  ELEMENT FORMULATION 
S t r a i n  and K i n e t i c  Energies 
From von Karman' s 1 arge d e f l  e c t i o n  p l  a te  theory,  t h e  nonl  i n e a r  s t r a i n -  
d i s p l  acement r e 1  a t i ons  are de f i ned  as 
Ec l  = ( e l  + z E K I  
where t h e  membrane o r  midsurface s t r a i n s  ( e l  
g iven  by 
1 a w  
av 1 a w  (-1 
- a u + - (-) 
ax  2 ax 
, + -  i a Y  2 aY Eel = 
a v  a w  
+ ax +ax 
and cu rva tu res  (K) are 
and u, v, w are displacements o f  t h e  p l a t e  midsurface i n  t h e  x, y, z - 
d i r e c t i  ons, r e s p e c t i v e l y  . 
The membrane o r  i np lane  r e s u l t a n t  forces ( N l  and bending and t w i s t i n g  
moments ( M o l  are r e l a t e d  t o  t h e  s t r a i n s  and curva tures  by 
{ N )  = 
{ M I  = 
0 
X 
N i  
Y 
N 
= [ C ]  {e)  ( 4 )  
( 5 )  
where I C ]  and [D ]  are t h e  extensional  and bending m a t e r i a l  s t i f f n e s s  
matr ices,  r e s p e c t i v e l y .  For p l  ates o f  i s o t r o p i c  m a t e r i a l  and u n i f o r m  t h i c k -  
ness h, t h e  m a t e r i a l  s t i f f n e s s  mat r ices  are 
Eh [C] = - 
1 4 2  
Eh3 [Ul = 
12 ( l -v2 ) 
[ 0 0 -  'I : ]  
[: 0 0 -  (7 
where E and v are t h e  Young's modulus and Poisson 's  r a t i o ,  r e s p e c t i v e l y .  
The t o t a l  s t r a i n  energy f o r  a p l  a t e  e lanent  i s  g iven  by 
u =  U b + U  m 
w i t h  
9 
1 
2 
= - /I { ~ l ~  [D] {KI dx dy 
= - 1 /I {Nl T { e l  dx dy 
2 
(10) 
1 T 
2 
= - // { e l  [ C ]  { e l  dx dy 
where t h e  s u b s c r i p t s  b and m denote the bending and membrane components, 
r e s p e c t i v e l y  . 
The k i n e t i c  energy o f  a p l a t e  element execu t ing  harmonic o s c i l l a t i o n s  
i s  
where p i s  t h e  mass d e n s i t y  and ( 0 )  means d i f f e r e n t i a t i o n  w i t h  r e s p e c t  
t o  t ime  t. 
S i m i l a r  express ions f o r  a beam e l m e n t  can be  ob ta ined  f rom t h e  c o r r e -  
sponding p l a t e  equat ions ( 1 )  t o  (11) b y  l e t t i n g  
v = o  
10 
[ C ]  = ES 
[D] = E1  (12 1 
where S and I are the area and moment of iner t ia  of the beam cross- 
section, respectively. These beam equations are given i n  Appendix A. 
P1 ate El anent 
The f i n i t e  elanent used i n  the present formulation shown i n  figure 1 i s  
the conforming rectangul ar plate w i t h  24 degrees-of-freedom due t o  Bogner e t  
a l .  ( r e f .  54).  The displacement functions within the element are assuned as 
2 w = a1 + a2 x + a3y + a4x2 + a5xy + agy 
u = B 1  + B2x + B3y + B4xy  
The twenty four general ized coordinates 
11 
I 
-4 
v, 
0 
0 
3 
k0 
1 
N l-4 1 \ 
S m c 
5 
c, u aJ 
Y 
12 
can be determined f rom t h e  element nodal displacements 
w i t h  
w ... , WXYl, . .. , w I 
Y l ’  XY 4 
The re1  a t i o n s h i p  between t h e  genera l ized coord ina tes  and t h e  element nodal 
displacements can be  w r i t t e n  as 
S u b s t i t u t i n g  equat ion ( 1 3 )  i n t o  equation ( 3 ) ,  t h e  curva tures  can be 
expressed i n  terms of t h e  genera l i zed  coord inates as 
13 
The bending s t r a i n  energy 
bending s t i f fness  matrix 
ub of equation ( 9 )  leads t o  the elment  l inear 
Similarly, the kinetic energy T o f  equation (11) leads t o  the element 
cons is ten t  mass matrices [mb] and [m,]. These three matrices can be 
f o u n d  expl ic i t ly  i n  reference 54. 
o f  equation ( 1 0 )  can be linearized "m The membrane s t r a i n  energy 
uti l izing the 1 inearizing functions 
where the  element displacements ( b b )  are obtained fran the plate deflec- 
tion t h r o u g h  an i terat ive procedure discussed in the next section. Thus, 
the membrane s t ra ins  of equation ( 2 )  become 
w i t h  
+ 
and the linearized membrane s t ra in  energy in terms of the element nodal 
displ acements i s  
where the element linear membrane stiffness matrix i s  given by 
15  
T h i s  [k,] m a t r i x  i s  a l s o  g i v e n  e x p l i c i t l y  i n  r e f e r e n c e  54. The sub- 
m a t r i c e s  o f  t h e  l i n e a r i z e d  n o n l i n e a r  s t i f f n e s s  m a t r i x  [r] are  g i v e n  by  
E v a l u a t i o n  o f  [i] i s  based on n u m e r i c a l  i n t e g r a t i o n  u s i n g  a f o u r - p o i n t  
Gaussian i n t e g r a t i o n  which can e x a c t l y  i n t e g r a t e  f o r  polynomi a1 o f  cub ic  
order .  The m a t r i c e s  [Tb], [T,], [ H I ,  [Q] and [ G I  de f i ned  i n  equa t ions  ( 2 1 ) ,  
(22) ,  ( 2 3 ) ,  ( 2 5 )  and (26 )  are g i ven  i n  Appendix 6. 
The corresponding equat ions and matr ices f o r  t h e  beam element a re  g i v e n  
i n  Appendix  A. E l  ement 1 i n e a r  bend ing  s t i f f n e s s  m a t r i x  [k,], membrane 
s t i f f n e s s  m a t r i x  [k,], c o n s i s t e n t  bending mass m a t r i x  [m,] ana membrane 
mass m a t r i x  [m,] f o r  t h e  beam can be found i n  r e f e r e n c e  55. 
E l  ement Harmonic Force M a t r i x  
I n  c l a s s i c  continuum approach, t h e  dynamic von Karman p l a t e  equa t ions  
o f  mot ion are ( r e f s .  2 and 3 )  
- hXX w, 1 
X Y  YY 
V4J, = E ( w , ~  ( 3 3 )  
16 
+ ' J ' Y x x  W Y Y Y  - 2 $ Y X Y  KXY ) - F ( t )  = 0 (34) 
The equat ion o f  mot ion f o r  a beam w i t h  ends r e s t r a i n e d  from l o n g i t u d i n a l  
movement i s  ( r e f . 4 )  
w i t h  
ES N = - J w,: dx 
2L 
For  s i n g l e  mode approximate so lu t i ons ,  
t h e  form 
where 
s a t i s f  
R i s  t h e  r a d i u s  o f  g y r a t i o n  o f  
es t h e  r e l a t e d  boundary cond i t  
the d e f l e c t i o n  f u n c t i o n  i s  assuned i n  
, f o r  p l a t e  (37 a) 
, f o r  bean (3 7 b) 
beam cross-sect ion,  and mode shape $ 
ons. S u b s t i t u t i o n  o f  equat ion (37a) 
i n t o  equat ion (33), t h e  s t r e s s  f u n c t i o n  $(x,y) i s  then so lved f rom t h e  
c o m p a t i b i l i t y  equat ion (33 ) .  Appl i c a t i o n  o f  t h e  Ga le rk in  procedure 
/ IC (w ,+ )$ (x , y )dxdy  = 0 ( o r  J c ( w ) $ ( x ) d x  = 0 f o r  beam) y i e l d s  a modal 
equat ion  i n  t h e  D u f f i n g  form ( r e f s .  4, 5 and 1 5  t o  17) 
mq,tt + k q  + 5;; q3 = F ( t )  
o r  i n  nondimensional t ime  T ( r e f .  53) 
17 
When t h e  f o r c i n g  f u n c t i o n  F (T )  i s  simple harmonic Pocos U T ,  an approxi-  
mate s o l u t i o n  o f  equat ion (39)  u s i n g  t h e  p e r t u r b a t i o n  method i s  t h e  w e l l -  
known r e s u l t  ( r e f s .  4, 15, 53). 
0 (%) = 1 +, BA2 - &  
P 3 2 
4 A L 
w 
With a s imple e l l i p t i c  f o r c i n g  f u n c t i o n  F ( T )  = B k n  ( X T , ~ )  = Bq as t h e  
e x t e r n a l  e x c i t a t i o n  t o  t h e  D u f f i n g  system, an e l l i p t i c  response ( r e f s .  4, 5, 
15 t o  17, and 53) 
q = A cn   AT,^) (41) 
I 
i s  obta ined as an exact  s o l u t i o n  o f  equat ion (39),  where B i s  t h e  non- 
dimensional  f o r c i n g  ampl i tude fac to r ,  X and TI a re  t h e  c i r c u l a r  f requency 
and t h e  modulus o f  t h e  Jacobian e l l i p t i c  f u n c t i o n ,  and A = wmax /h (Wmax/R 
f o r  beam) i s  the ampl i tude. By expanding t h e  e l l i p t i c  f o r c i n g  f u n c t i o n  
i n t o  t h e  F o u r i e r  s e r i e s  and comparing the  orders o f  magnitude o f  t h e  var ious  
harmonic components, Hsu ( r e f .  53) showed t h a t  t h e  s i n g l e  harmonic f o r c i n g  
f u n c t i o n  Pocos UT i s  t h e  f i r s t  o rder  approximat ion o f  t h e  e l l i p t i c  f o r c i n g  
f u n c t i o n  B k n  ( A T , T I ) .  A l s o  t h e  f i r s t  o rder  approximat ion o f  t h e  e l l i p t i c  
response o f  equat ion (39) y i e l d s  t h e  same frequency-ampl i tude r e l a t i o n s  o f  
equat ion (40) as t h e  p e r t u r b a t i o n  so lu t ion .  I n  o b t a i n i n g  t h e  exact e l l i p t i c  
response o f  equat ion (39), t h e  e x c i t a t i o n  f o r c e  F ( T )  = Bq i s  t r e a t e d  as a 
l i n e a r  s p r i n g  i n  t h e  D u f f i n g  equat ion 
18 
I 
v = '  
Th i s  l i n e a r  sp r ing  fo rce  Bq posses a p o t e n t i a l  energy o f  V = Bq2/2. The 
p o t e n t i a l  energy of an element subjected t o  a un i fo rm harmonic f o r c i n g  
f u n c t i o n  can thus  b e  approximated by  
' B  -/I W2 dxdy 
2 
g I $ d x  
2 
, f o r  p l a t e  
, f o r  beam 
An exan ina t ion  of equat ions ( 1 1 )  and (43) i n d i c a t e s  t h a t  t h e  harmonic f o r c e  
m a t r i x  f o r  t h e  p l a t e  o r  beam element under un i fo rm load ing  F c o w t  i s  
0 
[ P I  = 
, f o r  p l a t e  (4 4 4  
, f o r  beam (4 4b) 
The a c t u a l  a p p l i e d  d i s t r i b u t e d  f o r c e  i n t e n s i t y  F o ( N / d  o r  p s i  f o r  p la te ,  
N/m o r  l b / i n .  f o r  beam) i s  r e l a t e d  t o  the  dimensionless f o r c i n g  parameter 
P and t h e  dimensionless f o r c i n g  amplitude f a c t o r  B by 
0 
, f o r  p l a t e  cFO 
A P h y  
19 
where 
I 
I 
(Loaded element s) +dXdY 
c =  
+2dxdy (Total plate area) I/ 
For plates under uniformly distributed force over ent i re  plate 
”(Total plate) +dXdY 
c =  (4 7)  
+2dxdy I’ (To t  a1 pl a t e  are a) 
which i s  simply the r a t io  of volunes (area) under plate (beam) mode shape 
and square of  mode shape. The harmonic force matrix of equation ( 4 4 )  de- 
pends on the p l a t e  amplitude A = w m a x / h  ( w m a x / R  fo r  beam) and P o  (or 
Fa). 
Equation of Motion and Solution Procedures 
The application of the Lagrange’s equation leads t o  the equation of 
motion fo r  the present rectangular plate and bean elements under the influ- 
ences of iner t ia ,  e las t ic ,  1 arge deflection and uniform harmonic excitation 
force as 
[‘m; 
O ] ( 6 1  .. + ([‘a: O ]  
Cmml Ckml 
The coup l i ng  between bending and membrane s t r e t c h i n g  i s  ev ident  by  t h e  pres- 
ence o f  [kbm] and [kmb] mat r ices  i n  equat ion (48).  Nonl inear f ree  v ib ra -  
t i o n  i s  a spec ia l  case of t h e  general non l inear  fo rced  v i b r a t i o n  problem 
w i t h  Po o r  [p] = 0 i n  equat ion (48). 
- - 
By assembling t h e  f i n i t e  elements and app ly ing  t h e  k inemat ic  boundary 
cond i t i ons ,  t h e  equat ions o f  mot ion f o r  t h e  l i n e a r  f r e e  v i b r a t i o n  o f  a g iven  
p l a t e  o r  beam may be w r i t t e n  as 
where [M] 
r e s p e c t i v e  
and [K] 
Y, y 
denote t h e  system mass and l i n e a r  s t i f f n e s s  matr ices,  
s t h e  fundamental 1 i nea r  frequency, and {$I denotes 
t h e  corresponding l i n e a r  mode shape normalized t o  u n i t  va lue of t h e  l a r g e s t  
component. The d e f l e c t i o n  wmaxC$l,  i s  then used t o  o b t a i n  t h e  element 
n o n l i n e a r  s t i f f n e s s  m a t r i x  [?;I through equat ions (25 and 30 t o  32). The 
element harmonic fo rce ,  m a t r i x  i s  obtained through equat ion (44) f o r  g iven  
Po and A .  The n o n l i n e a r  f o r c e d  v i b r a t i o n  response i s  approximated by  a 
1 i nea r i zed  eigenvalue equat ion o f  t h e  fo rm 
where o i s  t h e  fundamental non l inear  frequency associated w i t h  dimension- 
l e s s  ampl i tude A and f o r c e  parameter Po, and ($11 i s  t h e  corresponding 
normal ized mode shape o f  t h e  f i r s t  i t e r a t i o n .  The i t e r a t i v e  process can now 
be repeated w i t h  wmax{$I1 u n t i l  a convergence c r i t e r i o n  i s  s a t i s f i e d .  
2i 
t 
Convergence and Strains 
The three displacement convergence c r i t e r i a  proposed by Bergan and 
C1 ough ( r e f .  56) for nonl inear s t a t i c  and post-buck1 ing analyses are employ- 
ed in the nonlinear free and forced vibrational problems. The three dis- 
placement norms are the modified absolute norm, modified Euclidean norm and 
the maximum norm. They are defined as 
and 
21 1'2 
+ i  ,ref 
(53) 
where n i s  the total  degrees-of-freedom of the beam o r  plate structure, 
A + i  i s  t h e  change i n  displacement component i during interation cycle. 
The reference displacement $ i  ,ref i s  the largest displacement component o f  
the corresponding type ( r e f .  56) .  In addition a frequency norm i s  also 
introduced in the present study and i t  i s  defined as 
22 
where Au i s  t h e  change i n  non l inear  frequency d u r i n g  t h e  i t e r a t i o n  cyc le .  
A t y p i c a l  p l o t  of t h e  f o u r  norms versus nunber o f  i t e r a t i o n s  f o r  a s imp ly  
supported beam o f  slenderness r a t i o  L/R = 100 w i t h  immovable end suppor ts  
subjected t o  a un i form harmonic f o r c e  o f  Po = 2.0 a t  A = wmax / R  = 4.0 i s  
shown i n  f i g u r e  2. F igure  3 shows the  convergence c h a r a c t e r i s t i c s  o f  a 
s imply  supported square p l a t e  o f  length- to- th ickness r a t i o  a/h = 240 w i t h  
immovable i n p l  ane edges ( u  = 0 a t  x = 0 and a, v = 0 a t  y = 0 and a) sub- 
j e c t e d  t o  a un i form harmonic f o r c e  o f  f o r c i n g  parameter Po = 0.2 a t  A = 
w /h = 1.0. A l l  f o u r  norms e x h i b i t  t h e  impor tan t  behavior o f  s t r a i g h t n e s s  max 
and p a r a l l e l i s m  as descr ibed i n  re ference 56. Therefore, t h e r e  i s  no g r e a t  
s i g n i f i c a n c e  as t o  what s p e c i f i c  norm i s  being used s i n c e  t h e y  are p a r a l l e l ,  
and a lso an upper bound o r  maximum e r r o r  on displacement and frequency con- 
vergences can be est imated s ince  they  are s t r a i g h t .  The r e s u l t s  presented 
i n  t h i s  repor t ,  convergence i s  considered achieved whenever anyone o f  t h e  
norms reaches a va lue o f  10-5. 
Once t h e  convergence i s  s a t i s f i e d ,  t h e  membrane and bending s t r a i n  
components a t  t h e  f o u r  nodes o f  t h e  p l a t e  element can be obta ined from t h e  
p l a t e  d e f l e c t i o n  and equat ions ( 2 ) ,  ( 3 ) ,  (21) t o  (23) and (25) .  They are  
23 
I 
2 
I 
3 4 5 
NUMBER OF ITERATIONS 
F igu re  2. Typ ica l  convergence c h a r a c t e r i s t i c s  o f  beams. 
24 
NUMBER OF ITERATIONS 
Figure 3. Typical convergence characterist ics o f  plates. 
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Maximum normal s t ra in  i s  evaluated w i t h  z a t  the t o p  o r  bottom surfaces 
( z  = f h / 2 ) .  The corresponding strain expressions f o r  the beam element are 
given i n  Appendix A. 
RESULTS AND DISCUSSION 
Beams 
Improved Nonlinear Free Vibration 
T h e  fundamental frequency ra t ios  w/wL o f  f ree  vibration a t  var ious  
amplitude A = w / R  f o r  a simply supported beam ( L / R  = 100) w i t h  b o t h  
ends immovable (u = 0 a t  x=O and L) are shown i n  table I .  Due t o  symmetry, 
only one-half o f  the beam which i s  divided equally i n t o  six elements is  
used. Finite element results w i t h  and without considering longitudinal 
deformation and iner t ia  (LDI)  i n  the analyses are both given. I t  shows t h a t  
the  effects of improved f i n i t e  element results by including LDI i n  the 
formulation are t o  reduce the nonlinearity. The e l l i p t i c  function solution 
( r e f s .  1, 4 and 53) i s  also g iven  t o  demonstrate the closeness of the 
ear l ie r  f i n i t e  element results without LDI. Raju e t  a l .  ( r e f .  57) used the 
Rayleigh-Ritz method i n  investigation of the effects of inplane deformation 
and iner t ia  on large amplitude flexual vibration o f  slender beams. 
Appropriate frequency-amplitude relationship using Rayleigh-Ri t z  method i s  
also given in table I .  In Rayleigh-Ritz method, accuracy of the frequency 
depends heavily on the assumed beam deflection functions (usually 1 inear 
mode shapes). The present f i n i t e  element approach, the beam deflection 
approachs the "true" nonlinear beam deflection t h r o u g h  an i t e ra t ive  process. 
The f i n a l  beam deflection, therefore, would be more accurate, and also the 
m ax 
frequency rat ios  obtained. 
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Nonl inear  Forced Response o f  Beams w i t h  Immovable Ends 
Table I 1  shows t h e  frequency r a t i o s  o f  t h e  sane s imply  supported bean 
(L/R = 100) s u b j e c t e d  t o  a un i fo rm harmonic f o r c e  o f  It demon- 
s t r a t e s  t h e  closeness between t h e  e a r l i e r  f i n i t e  element r e s u l t s  w i t h o u t  
LDI, t h e  s imple e l l i p t i c  response ( r e f s .  4 and 53) and t h e  p e r t u r b a t i o n  
s o l u t i o n  o f  equat ion (40).  The present improved f i n i t e  e lenent  r e s u l t s  
i n d i c a t e  c l e a r l y  t h a t  t h e  e f f e c t s  of  LDI a re  t o  reduce t h e  n o n l i n e a r i t y  as 
i n  t h e  f r e e  v i b r a t i o n  case. S i m i l a r  r e s u l t s  o f  a clanped bean (L/R = 100) 
w i t h  immovable a x i a l  end supports subjected t o  a un i form harmonic f o r c e  of 
P = 1.0 are a lso g iven i n  t a b l e  11. The present  f i n i t e  element r e s u l t s  o f  
a s l e n d e r  beam (L/R = 100) t o  uniform harmonic e x c i t a t i o n  o f  Po = 0, 1.0 
and 2.0 are g iven i n  f i g u r e s  4 and 5 f o r  s imply  supported and clanped 
boundary cond i t ions ,  r e s p e c t i v e l y .  
Po = 2.0. 
0 
Table I 1 1  shows t h e  maximwn s t r a i n - m p l i t u d e  r e l a t i o n  f o r  t h e  s imply  
suppor t  and clanped beams (L/R = 100) wi th  immovable a x i a l  end supports.  
These r e s u l t s  are a lso shown i n  f i g u r e  6 f o r  absolute value. The s e r v i c e  
l i f e  can thus  be est imated f rom t h e  maximum s t r a i n  and frequency i n  conjunc- 
t i o n  w i t h  t h e  corresponding m a t e r i a l  s t r a i n - c y c l e  f a t i g u e  d a t a  (S-N curve) .  
T h i s  i s  n o t  p o s s i b l e  i f  smal l  d e f l e c t i o n  f r e e  v i b r a t i o n  ana lys is  i s  employ- 
ed. 
Nonl inear Forced Response o f  Beams w i t h  Movable End-Support 
F i g u r e s  7 (  a) and ( b )  show t h e  nondimensional amp1 i t u d e  A versus w/w,  
f o r  a s imply  supported beam o f  slenderness r a t i o  L/K = 100 
t i v e l y .  m e  of t h e  end supports ( x  = L) i s  assmed t o  be 
t h e  a x i a l  d i r e c t i o n .  For a h i g h l y  s lender beam (L/R > l o o ) ,  
t y p e  n o n l i n e a r i t y  due t o  l a r g e  d e f l e c t i o n  i s  so smal l  as 
L 
and 20, respec- 
f r e e  t o  move i n  
t n e  hard  s p r i n g  
shown i n  f i g u r e  
7(  a), therefore,  i t  can be p r a c t i c a l l y  neglected. L o n g i t u d i n a l  deformat ion 
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Table 11. FORCED VIBRATION FREQUENCY RATIOS w / o  FOR A SIMPLY SUPPORTED 
AND A CLAMPED BEAM WITH IMMOVABLE A X I A L  ENDS. 
4 - -  - 'max 
R 
I Without LDIa I With LDI 
Simple 
E l l i p t i c  
Res po n se 
( r e f s .  4 
and 53) 
E a r l i e r  I F i n i t e  Element 
Per tu rb  a t  i on 
Sol u t i  on 
I t e r a t i o n  Resul t  
Simply Supported Beam Subjected t o  Po = 2.0 (F 
- 1.0 
k 2.0 
2 3.0 
5 4.0 
k 5.0 
5 1.0 
2.0 
2 3.0 
f 4.0 
2 5.0 
1.7852 
0.8472 
1.6557 
1.4003 
1.8217 
1.8413 
2.1013 
2.2606 
2.4361 
1.7854 
0.8660 
1.6583 
1.4216 
1.8314 
1.8708 
2.1213 
2.2995 
2.4673 
Clamped Beam Subjected t o  P 
0.2118 
1.4307 
0.8279 
1.2987 
1.0401 
1.3232 
1.2183 
1.4101 
1.3938 
1.5322 
0.2165 
1.4307 
0.8292 
1.2990 
1.0433 
1.3248 
1.2247 
1.4142 
1.4042 
1.5401 
1.7852 
0.8621 
1.6563 
1.4102 
1.8226 
1.8453 
2.0988 
2.2525 
2.4236 
Present 
F i n i t e  Element 
F i n a l  
Resul t  
= 2.31506 x lo5 N/m) 
1.7856 
0.8460 
1.6512 
1.3760 
1.8002 
1.7846 
2.0495 
2.1619 
2.3432 
1.7682( 3 ) b  
0.7108(4) 
1.5829(4) 
1.2123( 4) 
1.6743(4) 
1.5871 (6) 
1.8759( 6) 
1.9371 (7) 
2.1337( 7) 
= 1.0 (Fo = 5.73862 x lo5 N/m) 
0.2096 
1.4297 
0.8215 
1.2942 
1.0279 
1.3127 
1.1979 
1.3910 
1.3619 
1.5016 
0.2091 
1.4297 
0.8203 
1.2936 
1.0239 
1.3099 
1.1888 
1.3836 
1.3457 
1.4874 
0.1772( 3) 
1.4251(3) 
0.7905 (4) 
1.2743( 4) 
0.9726( 5) 
1.2694( 5) 
1.1151( 6) 
1.3197(6) 
1.2513(8) 
1.4014( 8) 
a. Long i tud ina l  deformation and i n e r t i a .  
b .  Number i n s i d e  parenthes is  denotes the number o f  i t e r a t i o n s  t o  get  a converged 
s o l  u t i o n .  
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Table 111. MAXIMUM STRAIN FOR BEAMS WITH IMMOVABLE AXIAL ENDS 
(L/R = 100) INCLUDING INPLANE DEFORMATION AND INERTIA. 
A = -  'max 
R 
1 .o 
2.0 
3.0 
4.0 
5.0 
S i  mpl y- Su ppor t C1 amped 
1.955 x 10-3 -4.741 x 10-3 
4 . 3 8 6 ' ~  10-3 -9.367 x 10-3 
7.292 x 10-3 -14.107 x 10-3 
10.676 x 10-3 -19.169 x 10-3 
14.535 x 10-3 -24.726 x 10-3 
I 
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L L  
and i n e r t i a  e f f e c t s  are more pronounced i n  a s h o r t  beam than a l ong  one. As 
a consequence, t h e  reduc t i on  of n o n l i n e a r i t y  due t o  l o n g i t u d i n a l  deformat ion 
and i n e r t i a ,  f r o m  t h e  n e a r l y  small  d e f l e c t i o n  l i n e a r  case i n  f i g u r e  7(a) ,  
leads  t o  a s i t u a t i o n  t h a t  t h e  beam even tua l l y  e x h i b i t s  s l i g h t l y  so f t  sp r ing  
t ype  n o n l i n e a r i t y  as shown i n  f i g u r e  7(b) .  A t l u r i  ( r e f .  58) a l s o  obtained 
s i m i l a r  n o n l i n e a r i t y  o f  so f ten ing  type i n  h i s  i n v e s t i g a t i o n .  
Concentrated Harmonic Force 
The element harmonic f o r c e  m a t r i x  [p] de r i ved  i n  equat ion  (44) i s  f o r  
u n i f o r m l y  d i s t r i b u t e d  l oad  over t h e  element. The method used here t o  simu- 
l a t e  a concentrated f o r c e  i s  t o  l e t  the l e n g t h  o f  t h e  loaded beam element 
become smal le r  and smal ler .  Th is  i s  demonstrated by a concentrated fo rce  
app l i ed  a t  t h e  center  o f  a s imp ly  supported beam ( L / R  = 100) w i t h  immovable 
i np lane  edges. The magnitude o f  t h e  concentrated f o r c e  i s  equal t u  t h e  same 
beam under  a un i fo rm d i s t r i b u t e d  l oad  o f  Po = 1.0 (Fo = 1.158 x lo5 N/m o r  
661 l b / i n . )  over t h e  e n t i r e  beam. Therefore, t he  un i fo rm load ing  of t he  
loaded element f o r  t h e  concentrated case i s  Fo = 115.8 x L/d kN/m where d 
i s  t h e  l eng th  o f  t h e  loaded beam element. The constant c i s  g iven  i n  
equat ion  (46). The r e s u l t s  are g iven i n  t a b l e  I V  a t  var ious  d/L r a t i o s  and 
i n  f i g u r e  8 f o r  d/L = 5%. The e l l i p t i c  f u n c t i o n  and p e r t u r b a t i o n  s o l u t i o n s  
( w i t h o u t  inp lane deformat ion and i n e r t i a )  a r e  a l s o  g iven i n  t a b l e  I V .  It i s  
shown t h a t  t h e  concentrated f o r c e  case i s  approximately 1.6 t imes as much 
severe as t h e  un i fo rm d i s t r i b u t e d  f o r c e  f o r  t h e  case s tud ied.  
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Table I V .  CONVERGENCE OF FREQUENCY RATIOS w / ~  WITH LOADED LENGTH d FOR A 
SIMPLY SUPPORTED BEAM (L/R = 100) WIkH IMMOVABLE INPLANE EDGES SUBJECTED 
TO A CONCENTRATED FORCE F, = 115.8 x L/d kN/m AT THE CENTER. 
A = -  'max 
R 
- 1.0 
- 2.0 
- 3.0 
A 4.0 
5.0 
Without LDI* 
E l  1 i p t i c  
So 1 u t  i on 
1.6607 
.9695 
1.5894 
1.4519 
1.7815 
1.8711 
2.0751 
2.2801 
2.4179 
Per tu rba t ion  
So 1 u t i  on 
1.6608 
.9821 
1.5923 
1.4710 
1.7920 
1.8993 
2.0959 
2.3181 
2.4498 
*Longi tudinal  deformation and i n e r t i a .  
- 
20 
F i n i t e  Element w i t h  LDI 
1.6316 
.8585 
1.5077 
1.2742 
1.6273 
1.6229 
1.8446 
1.9606 
2.1116 
a t  ( 
5 
1.6411 
.8506 
1.5134 
1.2718 
1.6317 
1.6226 
1.8485 
1.9615 
2.1154 
- 
IL)% - 
1 
1.6423 
.8497 
1.5143 
1.2717 
1.6325 
1.6229 
1.8494 
1.9620 
2.1164 
- 
0.5 
1.6425 
,849 7 
1.5143 
1.2717 
1.6326 
1.6229 
1.8495 
1.9621 
2.1165 
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I 
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2 x 2  
(4 Elements) 
0.1645( 3)" 
1.4248 ( 3)  
0.78154 3)  
1.2697 ( 3) 
: 2'868 I 11 
1.0937 ( 5 ) 
1.3026( 5) 
1.2242( 5) 
1.3781( 5 ) 
Table V I .  CONVERGENCE OF FREQUENCY RATIOS w / w  WITH GRIDWORK REFINEMENT FOR 
A SIMPLY SUPPORT SQUARE PLATE (a/k = 240) WITH IMMOVABLE 
INPLANE Edge Subjected t o  Po = 0.2. 
3 x 3  
(9 Elements) 
0.1643( 3) 
1.4 238( 3) 
0.7800( 3) 
1.2682 ( 3) 
0.9544 ( 4) 
1.2560(4) 
1.0886( 5 )  
1.2981( 5) 
1.2171( 6) 
1.3717( 6 )  
- 
- 'max A - -  
h 
0.2 
f 0.4 
' 0.6 
f 0.8 
' 1.0 
- 
4 x 4  
(16 Elements) 
0.1636( 3) 
1.4237 ( 3) 
0.7792( 3) 
1.2677( 3) 
0.9530( 4) 
1.2550(4) 
1.0865( 5 )  
1.2963( 5 )  
1.2143( 5 )  
1.3691( 5 )  
*Number i n  parenthesis denotes t h e  number o f  i t e r a t i o n s  t o  get a 
congerged so lu t ion .  
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P1 ates 
Improved Non l inear  Free V i b r a t i o n  
The fundamenta l  f r e q u e n c y  r a t i o s  W/W of 
ampl i tude A = wmax /h f o r  s imp ly  supported square 
L 
1a r  (a /b = 2 and a/h = 480) p l a t e s  w i t h  immovable 
0 and a, v=O a t  y=O and b) are shown i n  t a b l e  V. 
f r e e  v i b r a t i o n  a t  va r ious  
(a/h = 240) and rectangu-  
i np lane  edges (u=O a t  x = 
Due t o  synmetry, o n l y  one 
q u a r t e r  o f  t h e  p l a t e  modelled w i t h  9 ( o r  3 x 3 gr idwork)  elements o f  equal 
s i z e s  i s  used. Both f i n i t e  element r e s u l t s  w i t h  and w i thou t  i np lane  defor-  
mat ion  and i n e r t i a  ( I D I )  are given. It shows t h a t  t h e  improved f i n i t e  e l e -  
ment r e s u l t s  by i n c l u d i n g  ID1 i n  the  fo rmula t ion  are t o  reduce t h e  non- 
1 i n e a r i t y .  The e l l i p t i c  f unc t i on  s o l u t i o n  and p e r t u r b a t i o n  s o l u t i o n  ( w i t h  
i np lane  deformat ion only ,  r e f s .  4 and 53) are a lso  g iven t o  demonstrate t h e  
closeness of t h e  e a r l i e r  f i n i t e  element r e s u l t s  w i thou t  I D I .  Raju e t  a l .  
( r e f .  57) used t h e  Kay le igh-R i tz  method i n  i n v e s t i g a t i o n  o f  t h e  e f f e c t s  o f  
ID1 on l a r g e  ampli tude f r e e  f l e x u r a l  v i b r a t i o n  o f  t h i n  p la tes .  The l i n e a r  
mode shape i s  ve ry  c lose  t o  t h e  non l i nea r  mode shape f o r  t h e  s imp ly  suppor t -  
ed case. Therefore, t h e  Ray1 eigh-Ri t z  s o l u t i o n  demonstrates a good r e s u l t  
compared t o  t h e  present  improved f i n i t e  element s o l u t i o n .  
Convergence w i t h  Gridwork Refinement 
Table V I  shows t h e  frequency r a t i o s  f o r  a s imp ly  supported square p l a t e  
(a /h  = 240) w i th  immovable inp lane edges subjected t o  a un i fo rm harmonic 
f o r c e  o f  Po = 0.2 w i t h  t h r e e  f i n i t e  element gr idwork ref inements.  Only 
one quar te r  of t h e  p l  a te  was used i n  t h e  ana lys is  due t o  s p m e t r y .  Exami- 
n a t i o n  o f  t he  r e s u l t s  shows t h a t  t h e  present f i n i t e  element f o r m u l a t i o n  
e x h i b i t s  e x c e l l e n t  convergence c h a r a c t e r i s t i c s .  Therefore, a 3 x 3 ( o r  9 
elements) i n  a qua r te r  o f  p l a t e  was used i n  modeling t h e  p l a t e s  i n  t h e  
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Table V. FREE VIBRATION FREQUENCY RATIOS w / w  FOR A SIMPLY SUPPORTED PLATE 
L 
WITH IMMOVABLE INPLANE EDGES. 
L 
Without I D I a  With Inplane With ID1 
Def ormat i on 
(No I n e r t i a )  
E l l i p t i c  
'm ax Funct i on 
Resu l t  
Present 
p y y h  F i n i t e  
Element ( r e f s .  4 Per tu rba t i on  Resu l t  Element 
Resul t  and 53) So lu t i on  ( r e f .  57) Result  
A = -  
h F i n i t e  
0.2 
0.4 
0.6 
0.8 
1.0 
t 
1.0185( 3) 1.0195 1.0196 1.0149 1.0134( 3) 
1.0716( 3) 1.0757 1.0761 1.0583 l.O528( 3) 
2.1533(4) 1.1625 1.1642 1.1270 1.1154(4) 
1.2565( 6) 1.2734 1.2774 1.2166 1.1979( 5) 
1.3752( 7) 1.4024 1.4097 1.3230 1.2967(6) 
- 
0.2 
0.4 
0.6 
0.8 
1 .o 
a. I n p l  ane deformat ion and i n e r t i a .  
b.  Number i n s i d e  parenthesis denotes the number o f  i t e r a t i o n s  t o  get a 
converged so l  u t i on .  
1.0238( 3) 1.0241 1.0241 1.0177 1.0168( 3) 
1.0933 1.0690 1.0658(4) 1.0918(4) 1.0927 
1.1957( 6) 1.1975 1.1998 1.1493 1.1439( 5) 
1.3264( 8) 1.3293 1.3347 1.2533 1.2467( 6) 
1.4762( 11) 1.4808 1.4903 1.3753 1.3701 (8) 
remainder o f  t h e  nonl i n e a r  forced responses presented unless otherwise 
spec i f i ed .  
Nonl inear  Forced Response of  P l a t e s  w i t h  Immovable Inp lane  Edges 
T a b l e  V I 1  shows t h e  f r e q u e n c y  r a t i o s  o/o, f o r  s imp ly  supported and 
L 
clanped square p l a t e s  (a/h = 240) subjected t o  a un i fo rm harmonic f o r c e  of  
Po  = 0.2. It demonstrates t h e  closeness between t h e  e a r l i e r  f i n i t e  element 
formul a t i o n  w i thou t  I D I ,  t h e  s imp le  e l l i p t i c  response ( r e f s .  4 and 53) and 
t h e  p e r t u r b a t i o n  s o l u t i o n  ( w i t h  i n p l  ane deformat ion o n l y ) .  The present  
improved f i n i t e  e lenent  r e s u l t s  i n d i c a t e  c l e a r l y  t h a t  t h e  e f f e c t s  o f  ID1 a re  
t o  reduce t h e  n o n l i n e a r i t y .  The present  f i n i t e  element r e s u l t s  o f  a square 
p l a t e  (a /h = 240) t o  un i fo rm harmonic e x c i t a t i o n  o f  Po = 0, 0.1 and 0.2 a re  
g iven i n  f i g u r e s  9 and 10 f o r  s imp ly  supported and clanped boundary con- 
d it ions, respec t  i v e l  y. 
Nonl inear  Forced Response o f  P1 ates w i t h  Movable I n p l  ane Edges 
The dimensionless amp1 i t u d e  A versus t h e  f u n d m e n t a l  frequency r a t i o  
o h L  f o r  a s i m p l y  supported square p l a t e  (a/h = 240) w i t h  movable inp lane 
edges s u b j e c t e d  t o  un i fo rm harmonic load i s  shown i n  
f i g u r e  11. The n o n l i n e a r i t y  i s  g r e a t l y  reduced w i t h  t h e  i n p l  ane edges no 
Po = 0, 0.1 and 0.2 
longer  r e s t r a i n e d  as compared 
f i g u r e  9. 
Concentrated Harmonic Force 
A p p l i c a t i o n  o f  t h e  present  
fo rce  i s  t o  l e t  t h e  area o f  t h e  
t o  t h e  case o f  immovable i np lane  edges i n  
f i n i t e  element t o  t h e  case o f  a concentrated 
loaded element becoming sma l le r  and smal le r .  
It i s  demonstrated by  a concentrated f o r c e  app l i ed  a t  t h e  cen te r  o f  a s imp ly  
supported square p l a t e  (a /h = 240) w i t h  immovable i np lane  edges. The magni- 
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Table V I I .  FORCED VIBRATION FREQUENCY RATIOS w/w FOR A SQUARE PLATE 
(a/h = 240) WITH IMMOVABLE INPLANE EDGEk SUBJECTED TO P o  = 0.2. 
Pe r t u r  b a t  i on 
So lu t ion  
\ = -  %ax 
h 
F i n i t e  E l  ement 
Without With 
I D 1  a i01 
Simple 
E l  l i p t i c  
Re spon se 
( r e f s .  4 
and 53) 
f 0.2 
f 0.4 
f 0.6 
f 0.8 
f 1.0 
f 0.2 
f 0.4 
f 0.6 
f 0.8 
f 1.0 
0.1944 
1.4281 
0.8102 
1.2874 
1.0084 
1.2983 
1.1703 
1.3686 
1.3283 
1.4726 
0.1200 
1.4195 
0.7483 
1.2490 
0.8951 
1.2117 
0.9941 
1.2203 
1.0822 
1.2540 
Simply Supported 
0.1987 
1.4281 
0.8111 
1.2876 
1.0110 
1.2995 
1.1755 
1.3718 
1.3369 
1.4789 
C1 amped 
0.1227 
1.4195 
0.7438 
1.2491 
0.8956 
1.2119 
0.9954 
1.2210 
1.0845 
1.2555 
0.1932( 3)  
1.4274( 3) 
0.8052( 3) 
1.2839( 3)  
0.9984( 4 )  
1.2898 (4)  
1.1528( 6) 
1.3524( 6 )  
1.3004( 7 )  
1.4460( 7) 
0.7459(3) 
1.2477 ( 3) 
0.8905( 4) 
1.2083(4) 
0.9863(5) 
1.2137( 5) 
1.0700( 6) 
1.2429( 6)  
0.1643(3) 
1.4238( 3) 
0.7800 (3) 
1.2 682( 3)  
0.9544(4) 
1.2560(4) 
1.0886 ( 5 )  
1.2981(5) 
1.2171( 6 )  
1.3717(6) 
0.1033(3) 
1.4 183( 3)  
0.7372(4) 
1.2426 (4)  
0.8746(4) 
1.1966(4) 
0.9617(5) 
1.1938( 5)  
1.0362 ( 5 )  
1.2140(5) 
a. Inp lane deformation and i n e r t i a .  
b. Number i n s i d e  parenthesis denotes t h e  number o f  i t e r a t i o n s  t o  get a 
converged so lu t i on .  
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tude of  t h e  concentrated fo rce  i s  equal t o  t h e  same p l a t e  under a u n i f o r m l y  
d i s t r i b u t e d  harmon ic  load ing  o f  Po = 0.1 (Fo  = 45.74 N/n? o r  0 . 6 6 3 4 7 ~ 1 0 ~  
p s i )  over t h e  t o t a l  p l a t e  area. Therefore, t h e  un i fo rm load ing  o f  t h e  load- 
e d  e lemen t  f o r  t h e  c o n c e n t r a t e d  case i s  Fo = 45.74 (a/d)2 N/d where d 
i s  t h e  l e n g t h  o f  t h e  loaded square element. Table VI11 g i ves  t h e  fundanen- 
t a l  f r e q u e n c y  r a t i o s  w / w L  a t  ( d / a ) 2  = 16.0, 4.0, 1 .0 and 0.25%. It 
i n d i c a t e s  t h a t  t h e  convergence i s  r a p i d  and (d/a)2 = 1.0% would y i e l d  accu- 
r a t e  frequency response. Resul ts  obtained us ing e a r l i e r  f i n i t e  e lanent  
w i thou t  ID1 and e l l i p t i c  f u n c t i o n  ( w i t h  i n  p lane deformat ion b u t  no i np lane  
i n e r t i a )  are a lso  given. Nonl inear  response o f  concentrated f o r c e  obta ined 
w i t h  (d/a)2 = 1.0% i s  p l o t t e d  i n  f i g u r e  12. Frequency r a t i o s  o f  t h e  same 
p l a t e  t o  un i fo rm harmonic f o r c e  Po = 0.2 i s  a lso  given. It shows t h a t  t h e  
concentrated f o r c e  i s  approx imate ly  t w o  t o  t h r e e  t imes as much severe as t h e  
u n i f o r m l y  d i s t r i b u t e d  f o r c e  f o r  t h e  case studied. 
CONCLUSIONS 
The f i n i t e  e lanent  method has been extended t o  analyze n o n l i n e a r  forced 
Harmonic f o r c e  mat r ices  were developed f o r  a beam and a v i b r a t i o n  problems. 
rec tangu l  a r  p l a t e  element subjected t o  un i fo rm harmonic e x c i t a t i o n .  
Improved f i n i t e  element r e s u l t s  on non l inear  f r e e  f l e x u r a l  v i b r a t i o n  o f  
s lender  beams and t h i n  p l a t e s  are achieved by  cons ider ing  i np lane  deforma- 
t i o n  and i n e r t i a  e f f e c t s  i n  t h e  formulat ion.  Nonl inear  f r e e  v i b r a t i o n  can 
be s imp ly  t r e a t e d  as a l i m i t i n g  case o f  t h e  more general f o r c e d  v i b r a t i o n  
prob lan  by s e t t i n g  t h e  harmonic f o r c e  mat r ix  equal t o  zero'. The e f f e c t  o f  
midpl ane s t r e t c h i n g  due t o  1 arge d e f l e c t i o n  i s  t o  inc rease t h e  non l  i n e a r i  ty, 
however, t h e  e f f e c t s  o f  i n p l  ane deformation and i n e r t i a  are t o  reduce non- 
1 i n e a r i t y .  
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I Fo r  beams w i t h  immovable end supports, o n l y  hardening t y p e  n o n l i n e a r i t y  
i s  observed. For beams o f  l a r g e  slenderness r a t i o  w i t h  a movable a x i a l  end 
support,  t h e  increase i n  n o n l i n e a r i t y  due t o  l a r g e  d e f l e c t i o n  i s  p a r t i a l l y  
compensated by t h e  r e d u c t i o n  i n  n o n l i n e a r i t y  due t o  l o n g i t u d i n a l  deformat ion 
and i n e r t i a .  Th is  leads t o  a n e g l i g i b l e  hardening t ype  n o n l i n e a r i t y ,  and 
thus  small  d e f l e c t i o n  l i n e a r  s o l u t i o n  can be used, i .e. a s imp ly  supported 
beam w i t h  movable a x i a l  end support.  For beams o f  small  slenderness r a t i o ,  
however, s o f t e n i n g  t ype  n o n l i n e a r i t y  i s  observed. 
l 
I 
I 
I 
I 
I 
Fo r  rec tangu l  ar  p l  ates w i t h  immovable o r  movable i n p l  ane edges, how- 
l ever, o n l y  hardening type n o n l i n e a r i t y  i s  observed. This  i s  because t h e  
I 
I midd le  s u r f a c e  o f  t h e  ben t  p l  a t e  i s  n o t  a developable sur face.  
I Fo r  concentrated load ing  (beams and rectangul  ar p l  ates) y i e l d s  r e -  
, I
sponses severa l  t imes as severe as t h e  un i fo rmly  d i s t r i b u t e d  load. Fa t igue 
, 
I l i f e  can be  est imated w i th  ma te r ia l  f a t i gue  S-N data. 
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APPENDIX A: BEAM ELEMENT 
The non l i nea r  s t ra in-d isp lacement  r e l a t i o n  i s  
Ax ia l  r e s u l t a n t  f o rce  and bending moment are g iven b y  
N = ESe 
The bending s t r a i n ,  membrane s t r a i n  and k i n e t i c  energ ies a r e  
R 
Ub = -  E 1  1 (-) a2w 2 dx 
2 o ax2 
R - -   ES I [a" + - (  2 2  ) ]  2 dx 
urn z o a x  z ax 
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R 
2 0  
(? + G2)  dx P S  T = -  I 
where R and S are t h e  length  and c ross-sec t iona l  area o f  t h e  beam 
I element. The displacement f u n c t i o n  i s  chosen as I 
3 w = a1 + a p x  + a3 x2 + a4x  
u = 01 + B2X 
I 
I 
The element nodal d i s p l  acments a t  t h e  t w o  end nodes are 
I 
i The mat r ices  r e l a t e  t h e  element nodal displacements and t h e  genera l ized 
coord ina tes  are 
[TI, 1 
0 
1 
2 
R 
- -  
1 
R2 
- 
0 
0 
3 
112 
2 
113 
- -  
52 
1 
= [. R 
The l i n e a r i z i n g  f u n c t i o n  i s  evaluated from t h e  express ion 
1 
2 
= - [Q]{al 
- _   [0 1 2x 3x2] [Tb]{6 1 ( A 1 2 )  
2 b 
The m a t r i x  re1 ates genera l i zed  coord inates and membrane s t r a i n  de f i ned  i n  
equat ion  (26)  is  
[ G I  = [O: 13 
The element harmonic f o r c e  m a t r i x  i s  
1 synmet r i c 156 cF0R [ 2 3  4 t 2  42 OAK 54 13R 156 [ P I  = -
L-13 -32 -2 2R 422J 
The t o t a l  s t r a i n s  a t  t h e  two end nodes o f  a beam e lenent  a re  
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APPENDIX B: PLATE ELEMENT 
The inve rse  o f  m a t r i x  [Tb] i n  equation (21) i s  g iven  by  
- 
I 
c 
1 0 0  0 0 0  
l a 0 2 0 0  
1 a b a2 ab E2 
1 0 b  0 0 b2 
0 1 0  0 0 0  
- 
- - - - 
- - 
0 1 0 2 T o o  
- - 
0 1 0 2 a b O  
0 1 0  O b 0  
0 0 1  0 0 0  
0 0 1  O a O  
0 0 1  o a ~ i i  
0 0 1  0 0 2ii 
- 
- 
- 
0 0 0  0 1 0  
0 0 0  0 1 0  
0 0 0  0 1 0  
0 0 0  0 1 0  
- 
01 “4 
where a and b are t h e  l e n g t h  
s “1 2 “16 
and width o f  rec tangu la r  p l a t e  element. 
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Matrix [T,] in equation (22) is given by 
CTml = 
"1 "4 "1 
1 0 0 0 
- a* a* 0 0 
-b* 0 0 b* 
a*b* -a*b* a*b* -a*b* 
0 
1 
- a* 
-b* 
a*b* 
0 
0 
a* 
0 
-a* b* 
0 
0 
0 
a* b* 
where a* = 1; and b* = l/b. 
Matrix [ H I  in equation (23) is o f  the form 
a1 Q4 08 0 1  2 al 6 
0 0 2 0 0 2x 6y 0 2x2 6xy 2x3 6xy2 6x3y 
0 2 0 0 4x 4y 0 6x2 8xy 6 9  12x2y 12xy2 
0 0  2 0 0 6x 2y 0 0 6xy 2 9  0 6xy2 2y3 
[H] = f 0 0 
0 0  
Matrix [Q] in equation (25 )  is 
55 
I 
Matrix [GI i n  equation ( 2 6 )  i s  given by 
8 1  84 
0 1 0 Y 0 0 0 
0 0 1 X 0 1 0 
[GI = [0 0 0 0 0 0 1 
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